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As a supplement to earlier work on the theory of partition chromatographyi* 
the direct solution of the differential equations for steady state conditions is consid- 
ered. Use is made of the method of moments, which has proved to be a powerful 
tool in the study of transport processes+0. 

Using the model in refs. I, z for the chromatographic column and making 
minor changes in the notations, the differential equations for column operation are 
written in the form: 

af a2f af 

at= 
Ill-----u-- 

ax2 dx 
+ s2 (6 - rf) 

ag a2g 2D2 

t= 
n2--- 

ax2 
v22k - rf> (2) 

In this model the partition process is represented by the formula: 

6 - rf = (go - YfO) e-“t (3) 

where : 

2D2 
11% = - 

( 
Jf- + &) 

V2Vl w 
(4) 

The symbols have the following meaning: 

f = concentration of solute in the mobile phase; 

g = concentration of solute in the stationary phase; 
= translational velocity of the mobile phase ; 

2: I/‘= 

D;, D”, 
volumes per interphase area of mobile and stationary phase, respectively; 

= diffusion coefficients in mobile and stationary phase, respectively ; 

Y = partition coefficient. 

DEPINITION OF MOMENTS 

The problem is specified by considering a column of indefinite length containing 
a concentration peak of arbitrary form, The peak is localized in the sense that there 
are regions in the column on both sides of the peak where the concentration is zero. 
Taking two points a and z) in these regions, on either side of the peak, the moments of 
the concentration distribution are defined as follows: 
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x+g dx 

The time derivatives of the moments take the form: 

H.VINX 

(5) 

To evaluate these derivatives eqns. (I) and (2) are substituted into (6). Res- 
tricting the treatment to the first three moments, we have to consider integrals of 
the following type : 

s 6 
xi af ‘6 = 

x’f - 2’ 
xl-lf clx 

0 for i 0 

= n 
a_ccl”= 6 

I I 0 J 11 1 ---2:F~_1 for i = x,2 

For the zeroth moment the following equations are obtained: 

k” = - ;I<; (G 0 - )‘FO) 
1 2 

Go = - s (&I - yF0) 

(7) 

(8) 

(9) 

(10) 

These equations have a solution of the type of eqn, (3). 

Go - yl;o = (Go - yFo)” e--nrt (11) 

Substituting (II) into (9) and (IO), the latter equations may be integrated and 
we get : 

Fo = I<0 + a c-?l’t (12) 

Go = Lo + b c-“‘t (13) 

Here a and b are constants and KO and Lo designate the moments for steady 
state conditions. They obviously satisfy the relation: 

I *() - yIC0 = 0 (14) 

For the first moment we get the equations: 

j7, A vl;o + 2Ds w (Gl - YFl) (15) 

(16) 
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These equations may be combined to: 

GI - y..i=l + nz(G1, - yF1.) = - y7JFo 

where ~lt is defined by eqn. (4). 
Substituting for F, from (12) and integrating we get: 

G1---/FL = 
y?JlCo 

- ---- + (Cl + c&) e---‘J,L 

(17) 

Substitution into (15) and (IG) and integration yields: 

F1 = I<1 -t_ (cl1 + &l) e-“‘t (IS) 

G1 = L1 + (Cl + set) e-“‘t (20) 

where d,, d, and e,, co, are constants and I<, and L, are the steady state moments. 
We have: 

where C’ is the constant of integration. 

Seco7ad 7nowze7zt 
For the second moment we get: 

. 
I+ = 2DLFO + 2vFt + $$ (G2 - rF2) (23) 

. 
Go = zDo,Go - I/z ‘“.“_ (G3 - yF2) (24) 

I 

These equations may be combined to: 

G2- ykn + wt(G3 - yF3) = 2D2Go - 2iAyF’o - 2vyFr. (25) 

Substituting for Fo, G,, and I;, from (IZ), (13) and (19), respectively, and inte- 
grating we get: 

Gr! - yF2 = fl + fd + (f3 -t- t4t -I- W) e-,“L (26) 

4~~3yLl&~ 
f”- = - l?zar/Ba 

andf,, f4 andfG are constants. 

(28) 
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Substituting (26) into (23) and (24) and integrating we get: 

L';z = K2 + (gl. + gzt + g&$2) e-“t 

G2 = L2 + (h. + h$! + h&q e-~‘~ 

W. VINIC 

(29) 

(30) 

with 6 and k representing constants and I<, and L, the steady state moments, 
We have: 

L2 -_rJCz = fl + fit (31) 

and : 

I( 
2 

_ 4v2D22.h 
--_-- 

1723 V& 
t2 + 2Dl& _1- --- + 

1 

4vDzC’ 

112 V2” 

+ 
8v2 yD22K~ 4YD2 (nl - Dz)J--0 --- -------- 
3123v1v23 ,utzT~~V2 I 

8 + C" (32) 

Denoting the variance corresponding to I<, by ,u~, we have: 

Ii-2 KL2 

p2=zF----~ I.33 

From (22)) (32), (33) and (4) we get finally: 

cc2 = 
V2Y 

201+----- 
2YPl --2) 

DzT/i 
( 

(33) 

(34) 

A similar relation may be derived for the variance in the stationary phase. 

CONCLUSIONS 

The following conclusions may be drawn from the above solutions of the differ- 
ential equations for steady state conditions. 

The zeroth moment of concentration distribution represents the total solute 
concentration in a phase and is constant. Steady 
ponentially according to : 

state conditions are attained ex- 

e-mt 

The first moment determines the location of 
time. The relative peak velocity v has the value: 

(35) 

a peak and increases linearly with 

(36) 

The steady state conditions are established quasi-exponentially according to: 

(dl + C&l) C!-“t .I 
(37) 
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The variance determines the peak spreading and increases linearly with time. 
It may be expressed in. terms of a spreading coefficient D in the following way : 

P2 = zDt + con&. (38) 

D can be expressed as: 

D = Dl + _------ 

2D2V, (; + k- 

:D2) 

‘(;: 2 

Steady state is established quasi-exponentially according to : 

(&?l + g2t + g312) e-"'t (40) 

SUMMARY 

Steady state solutions of the differential equations for a partition chromato- 
graphy column are derived for the first three moments of concentration distribution. 
Expressions for the peak velocity and spreading coefficient are obtained in terms of’the 
characteristic parameters of column operation. 
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